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Abstract--Measured populations of fault displacements, derived from regional seismic, oilfield seismic, 
coalmine plans and outcrop data show a power law distribution with exponents ( -S)  of -0.45 to -0.95 for single- 
line samples across an array of faults. The more negative values indicate relatively larger numbers of smaller 
faults. An expression for a population of active faults, derived from the Gutenberg-Richter magnitude- 
frequency relation for earthquakes, is log N = a - b o log D, where D = maximum displacement of a fault, 
N = number of faults of maximum displacement D or greater, and b o - 1.0 and has the same value as b for the 
corresponding earthquake population. Populations of 'dead' faults existing at the end of a tectonic episode have 
been numerically derived, using a fault growth model, and satisfy the relation log N = a - E log D, where E has a 
value between 1.6 and 2.0. Numerically derived populations of fault displacements in a dead fault population 
have slopes of - S  where S ~ E - 1. The contribution of an individual fault to the regional strain varies with the 
lifetime seismic moment of the fault and is proportional to D 2. Estimation of fault-related extension by summing 
heaves on faults of a limited size range is valid only if the measured size range of faults accommodates most of the 
extension. Correction can be made if the S value of the fault displacement population is known. 
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N O M E N C L A T U R E  

area of a fault surface 
negative of slope of earthquake population curve 
negative of slope of active fault population curve 
negative of slope of dead fault population curve 
negative of slope of fault displacement population curve 
variable dependent on material properties 
cumulative displacement at a point on a fault surface 
maximum cumulative displacement on a fault 
ratio u /w  for active intraplate faults = ca 6 x 10-5 
earthquake magnitude (unspecified) 
seismic moment 
rate of seismic moment 
sum of seismic moments of a group of faults 
lifetime seismic moment of a single fault or part of fault 

surface 
sum of lifetime seismic moments of group of faults or fault 

surfaces 
exponent of width (W) in displacement-width expression, 

D = c W  n 
cumulative number of earthquakes/faults/displacements 
fault surface radius = W/2 
maximum dimension of slip surface in a single earthquake 

event 
maximum dimension of fault surface 
mean slip on slip surface in a single earthquake event 
shear modulus 

I N T R O D U C T I O N  

EARTHQUAKE popula t ions  have long been known to  have 
systematic  size distr ibutions ( G u t e n b e r g  & Richter  
1954, King 1983). Ev idence  for  a systematic  size distri- 
but ion in popula t ions  o f  ancient ,  o r  ' dead ' ,  faults is more  
recent  (Kakimi  1980, Villemin & Sunwoo  1987, Childs e t  

a l .  1990, He i f e r  & Bevan 1990, Mar re t t  & Al lmend inge r  
1990). W e  take this new evidence as a start ing point  for  
investigating possible relat ionships be tween  the two 
types o f  popula t ion ,  each of  which is fractal over  wide 
ranges  o f  magni tude  and size, respectively.  A crucial 

quest ion is how,  if at all, the fractal d imension of  each 
popula t ion  is related to the fractal d imens ion  of  the 
other .  

A systematic  relat ionship be tween  the  magni tude  of  
an ea r thquake  and the size of  the fault on which it occurs  
is the basis o f  the concept  o f  the 'character is t ic '  ear th-  
quake  (Schwartz  e t  a l .  1981, Schwartz  & Coppersmi th  
1984) or  the m a x i m u m  magni tude  mode l  (Wesnousky  e t  

al .  1983). The  contras t ing b-value model  (Wesnousky  e t  

al .  1983) assumes that  slip over  the entire surface of  a 
fault is accompl ished in several separate  slip events  
giving rise to  ea r thquakes  spanning a range o f  magni-  
tudes,  the magni tude  of  each being a funct ion o f  the 
fracture  area over  which slip occurs  in each event  and 
not  that  of  the whole  fracture.  The  implicat ion of  the 
characterist ic  ea r thquake  mode l  is tha t  the ea r thquake  
popula t ion  deriving f rom a rock vo lume is a simple 
funct ion o f  the size popula t ion  o f  active fractures  in that  
volume.  The  implicat ion o f  the b-value mode l  is that  the 
ea r thquake  popula t ion  is e i ther  not  a funct ion o f  the 
active f racture  popula t ion  or  is some  complex  funct ion 
of  that  popula t ion :  some relat ionship be tween earth-  
quake  and active fracture  popula t ions  is likely, if only 
because  big ea r thquakes  result  f rom slip on big frac- 
tures. Also  in doub t  is the relat ionship be tween  the 
active fracture  popula t ion  in a seismically active region 
and the total  popula t ion  o f  fractures  in the region,  
including those current ly  inactive. 

Suppor t  for  the characterist ic  ea r thquake  model  
derives f rom a variety o f  sources.  The  s t ra t igraphy of  
scarp-der ived col luvium on individual fault segments  in 
the Wasa tch  and San Andrea s  fault zones  show the slip 
in successive events  to have been relatively constant  on  
each segment  (Schwartz  & Coppersmi th  1984). The  
predic ted  m o m e n t - f r e q u e n c y  distr ibution,  assuming the 
characterist ic  ea r thquake  model ,  for  a popula t ion  of  
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mapped intraplate Quaternary faults in Japan, of known 
sizes and slip rates, is virtually identical with that of the 
400-year seismicity record (Wesnousky et al. 19831. 
Further support for the characteristic earthquake model 
is also found in the relationships between maximum 
dimensions (W) and maximum accumulated displace- 
ments (D) on ancient faults and between the mean slip 
(u) and the slip surface dimension (w) for individual slip 
events on active faults. D and W are related by 

D = c W " ,  (1) 

where c = constant and the exponent n is either 2 or 1.5 
(Walsh & Watterson 1988, Marrett & Allmendinger 
1991). The proposition that n = 1 (Scholz & Cowie 1990) 
is inconsistent with the data presented by either Walsh & 
Watterson (1988), Scholz & Cowie (1990) or Marrett & 
Allmendinger (1991). u and w, on the other hand, are 
linearly related (Scholz 1982, Schoiz et al. 1986). The 
two relationships are most easily reconciled if there is 
both a systematic relationship between u and D and a 
fault growth model in which w and W are identical, i.e. 
the characteristic earthquake model. The value of n will 
be taken as 2, but taking the value as 1.5 would result in 
no major change to the conclusions. The fault growth 
model predicts that as W increases throughout the active 
life of a fault, the earthquake magnitude which is charac- 
teristic of the fault will also gradually increase but, in 
accord with the characteristic earthquake model, the 
increase will be imperceptible over the time occupied by 
a few seismic cycles. Observational data on neotectonic 
faults are limited to a small number of seismic cycles. In 
the following, for calculation of 'dead' fault and fault 
displacement populations, this modified characteristic 
earthquake model is assumed to be valid. Comparison of 
predicted populations with measured populations then 
constitutes a test of the modified characteristic earth- 
quake model. 

There are several possible mechanisms which compli- 
cate the relationship between active fracture and earth- 
quake populations, although some are significant only 
on short time scales and do not affect what follows: e.g. 
coupling of slip events on adjacent fractures (Huang & 
Turcotte 1990). Models are, however, greatly simplified 
approximations of the real world and even the use of a 
concept as straightforward as 'number of faults' requires 
acceptance of a considerable simplification of the three- 
dimensional branching and splaying which characterizes 
a typical fault array. 

If the concept of the characteristic earthquake could 
be demonstrated to be valid over a wide range of 
magnitudes and fault dimensions, seismic data could be 
used to provide information on the size and location of 
active fractures within a volume, which could then be 
applied to study of the failure process. If, on the other 
hand, a seismic event represents slip on some unknown 
fraction of a fracture surface then seismic data have 
more limited value in the study of faults. Data on the 
systematics of dead fault populations and of earthquake 
populations are first reviewed. Populations of dead fault 
populations are then derived from earthquake popu- 

lations using two alternative strategies and making some 
necessary assumptions. The theoretical dead fault popu- 
lations are then compared with measured populations 
and the resulting discrepancies lead to a reconsideration 
of the assumptions. Consideration, from both a theoreti- 
cal and a practical viewpoint, is then given to measure- 
ments of regional strain from dead fault populations. 

FAULT DISPLACEMENT POPULATIONS 

The problems of measuring and interpreting fault and 
fault displacement populations have been considered by 
Childs et al. (1990), Heifer & Bevan (1990) and Marrett 
& Allmendinger (1991). The objective is to derive a 
quantitative measure of the numbers of faults, classified 
by 'size', in a given volume. Size of a fault may be 
assessed either by maximum displacement or by maxi- 
mum dimensions. Sampling may either be of two- 
dimensional surfaces, such as maps, or along one- 
dimensional sampling lines through the rock volume. 
The two-dimensional samples yield only the maximum 
displacement on each fault trace, i.e. a population which 
is not the same as that of the maximum displacement on 
each fault surface. One-dimensional samples are of 
displacements recorded at each intersection between the 
sampling line, or lines, and fault traces on maps or 
sections. Two-dimensional sampling is subject to trunc- 
ation and censoring effects (Heffer & Bevan 1990) and is 
complicated by the requirement to distinguish individual 
fault traces, which cannot always be done objectively in 
branching fault systems. By contrast, the measurement 
of fault displacements along one-dimensional sampling 
lines can be done objectively but is still subject to 
truncation effects, i.e. any graphical data set can rep- 
resent only a limited range of fault size. 

We have measured one-dimensional fault displace- 
ment populations on data sets covering a wide range of 
scale from regional seismic (Walsh et al. 19911, oilfield 
seismic data (Childs et al. 1990, unpublished work), 
coalmine plans (Chiids et al. 1990) to outcrop scale. 
Single- and multi-line sample fault displacement popu- 
lations for different fault assemblages are shown in Fig. 1 
as log-log plots of cumulative number of displacements 
(N) vs displacement (d), where N is the number of 
displacements greater than d. Displacement values span 
only 1.5-2 orders of magnitude in populations derived 
from seismic reflection and coalmine data and this 
limited range of scale is characteristic of most fault data 
represented on maps or cross-sections. For multi-line 
samples, one-dimensional population curves character- 
istically have three distinct segments. The steep right- 
hand segment of the curve (Fig. la) intersects the 
abscissa at the value of the maximum displacement 
measured, and the length of this segment measured 
parallel to the ordinate is usually equal to the number of 
sample lines in the multi-line sample. For most purposes 
the right-hand segment can therefore be disregarded as a 
sampling effect. The central segment of the curve is an 
almost straight line of variable slope, ranging between 
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Fig. 1. Fault displacement population curves from seismic reflection, 
mine plan and outcrop data. (a) Multi-line displacement population 
curve from seismic reflection data for a single horizon in an offshore 
oilfield with displacements recorded as throws in ms two-way time 
(twt). The inferred limit of seismic resolution (arrowed) is ca 20 ms and 
the total length of the sample lines is ca 1900 km, with 56 sample lines 
together covering an area of ca 1900 km 2. (b) Multi-line displacement 
population curve from mine plan data for the Lidgett seam, North 
Gawber Colliery, Yorkshire (solid squares) and single-line displace- 
ment population curve from outcrop data measured in a Carbonifer- 
ous sandstone-shale quarry in Lancashire, with displacements 
recorded as throws (cm). The North Gawber dataset is for a ca 9 k m  2 

area which was sampled on 120 lines, each ca 3 km long. The lower 
limit of accurately sampled throws on the coal seam plans is ca 30 cm 
(arrowed). The sample line length of the outcrop dataset is 124 m and 

the lower limit of accurately measured throws is 1 ram. 

-0.45 and -1.2,  but for well-constrained data sets is 
usually between -0.45 and -0.95 (Fig. 1) (Childs et  al .  

1990). The left-hand segment of the curve is shallower 
than the straight central segment and represents a rela- 
tively small number of displacement measurements 
which are below the limit of resolution of the dataset; for 
some outcrop datasets, for which displacements can be 
measured down to 1 mm, there are indications of a real 
decrease in population slope at scales below which the 
same power law population may not apply. For the 
coaimine plan data the limit of resolution is ca 30 cm and 
for the oilfield seismic data set illustrated is ca 20 ms two- 
way time (twt), corresponding to about 30 m displace- 

ment (Fig, 1) (Childs e t  al .  1990). The outcrop data are 
for a single-line sample and give a straight-line popu- 
lation curve from 10 m down to 1 mm, i.e. a range of four 
orders of magnitude. Our own data and those of others 
(Villemin & Sunwoo 1987, Heifer & Bevan 1990, 
Marrett & Allmendinger 1991, Sassi et  al .  in press) show 
that both one- and two-dimensional populations are 
fractal. Fault displacement populations are fractal over 
at least six orders of magnitude (Walsh et  al .  1991) and 
are characterized by slopes of -0.45 to -0.95 on plots of 
log N vs log d, corresponding to fractal dimensions of 
0.45--0.95. 

POPULATIONS OF EARTHQUAKES AND 
ACTIVE FAULTS 

The magnitude-frequency behaviour of tectonic 
earthquakes satisfies the empirical relation 

log N = a - b i n ,  (2) 

where N is the total number of shocks of magnitude m or 
greater (Gutenberg & Richter 1954). The Gutenberg- 
Richter (G-R) relationship holds over a wide range of 
scale and conditions, including laboratory microfractur- 
ing studies (Mogi 1962, Scholz 1968) and mining induced 
fracturing in coalmines (Kusznir et  al .  1984). The G-R 
relationship is not expected to hold for a population of 
seismic events on a single fracture but represents slip 
events on a population of fractures (Wesnousky et  al .  

1983). The constant a is determined only by the number 
of events in the sample population but the value b is 
close to 1.0 and does not usually fall below 0.7 or exceed 
1.3 (King 1983). The G-R relationship is valid for the 
earthquake population of a particular tectonic terrain 
measured over a certain period, and can be used to 
characterize the earthquake population within a rock 
volume for a single seismic cycle. The G-R relationship 
shows earthquake populations to be fractal over a wide 
range of magnitudes. 

An earthquake population is a simple derivative of the 
population of active faults only when the following 
conditions are satisfied. 

(1) Active seismic faults are representative of the 
population of all active faults. 

(2) There is a direct relationship between the magni- 
tude of an earthquake and the dimensions of the fault on 
which it originates, i.e. the modified characteristic earth- 
quake model holds true. 

(3) Earthquake recurrence intervals are independent 
of earthquake magnitudes. 

There is no direct indication that the first condition is 
satisfied but, given that the magnitude-frequency re- 
lationship for seismic slip events is highly systematic, 
there is no obvious reason to suppose that populations of 
aseismic faults are either less systematic than, or are 
systematically different from, populations of seismic 
faults. The second condition is an expression of the 
modified characteristic earthquake model. The third 
condition is an untested assumption. 
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The relationship between the earthquake magnitude 
(m) and the dimension (w) of the slipped surface can be 
derived from the moment  (M0)-magnitude relationship 
(Kanamori & Anderson 1975) which is 

m ~ C log M 0, (3) 

where C = 1.5. Hanks & Boore (1984) show that C 
varies with earthquake magnitude but the effect on what 
follows is small. By definition 

Mo =/~Au 

SO 

m ~ 2/3 log (Au), (4) 

where/~ = shear modulus, A = fault surface area and 
u = mean slip on the fault. Assuming three-dimensional 
self similarity, for faults contained wholly within the 
seismogenic layer 

mu ~ w ~. 

From (4) 

SO 

m ~ 2/3 log w 3 

m ~ log w 2. (5) 

The relationship between the dimensions of the slipped 
surface in a single seismic event and the dimensions of 
the fault on which it occurs is less certain. However,  
assuming that the characteristic earthquake model is 
valid for intraplate events, and therefore that individual 
slip events represent slip over the whole fault surface 
(Wesnousky et al. 1983), the population of active faults 
can be derived from the earthquake population, assum- 
ing that repeat times are the same for individual faults of 
all sizes. As the dimension of the slipped surface (w) is 
the same as that of the fault surface (W) then combining 
(1) and (5) 

m ~ log D 

(ifn = 1.5 then m oc log D13). 
Substituting in (2) 

log N = aD - bt~ log D, (6) 

where bo has the same value as b in the G - R  relation- 
ship (equation 2) and ao varies with the number of faults 
in the population. A systematic distribution of fault 
sizes, as expressed by maximum displacements, is there- 
fore expected in a population of active faults. 

In the case of plate boundary or interplate faults, it 
might be expected that there will not be a relationship 
between the magnitude of an earthquake and the dimen- 
sions of the fault surface on which it originates because 
individual slip events affect only a part of the plate 
boundary. However,  individual segments of the San 
Andreas fault system have characteristic earthquakes 
(Schwartz & Coppersmith 1984) and, in the short term at 
least, each segment behaves as an isolated single fault 
(i.e. a single plate boundary fault does not exist). In the 
longer term the displacements on the different segments 

must fit together and define a kinematicaily coherent  
single unit on the larger scale, in a similar fashion to 
much smaller scale intraplate fault arrays (Walsh & 
Watterson 1991). 

CALCULATION OF DEAD FAULT 
POPULATIONS 

The population of active faults at any given time is 
different from the total population of faults existing at 
the end of a period of faulting. Because an individual 
fault grows with each successive slip event (Watterson 
1986), the active fault population will always include 
some newly formed faults which are necessary to main- 
tain the G - R  relationship as the earlier formed faults 
grow in size. At any time there must also be a population 
of inactive faults, if the G - R  relationship is maintained 
for active faults. A relationship between the active and 
inactive populations at any time can be evaluated if: (a) 
individual faults grow in a predictable manner;  (b) the 
G - R  relationship is maintained with constant b; and (c) 
some other  constraint on the population is introduced. 
According to the fault growth model (Watterson 1986) 
W of any fault, and therefore u, increases with each 
seismic cycle and, assuming a constant b value for the 
active fault population, the inactive fault population can 
be calculated for any stage during the course of tectonic 
deformation. When deformation ceases, all faults are 
inactive and the population is referred to as the dead 
fault population. Two different constraints can be ap- 
plied in calculating dead fault populations. Both strate- 
gies are based on an assumption of constant length of 
seismic cycles, i.e. constant earthquake recurrence 
intervals during the life of a fault. Recurrence intervals 
and their implications are discussed in a later section. 

Strategy A 

Following this strategy, successive active fault popu- 
lations are controlled by the size of the largest fault, of 
which only one is assumed to exist; the size of the largest 
fault in each successive active fault population is a 
function of the number of seismic cycles completed (Fig. 
2a). A population of active faults satisfying the G - R  
relationship, with u / W  = 3.16 × 10 -5 (corresponding to 
a stress drop of 4.34 bars, Walsh & Watterson 1988) is 
shown in Table 1. Plots of log N vs log D for calculated 
populations of all faults (see Appendix 1) are shown in 
Fig. 3 and satisfy the empirical relation 

I o g N = a - E I o g D ,  (7) 

where N = total number of faults of maximum displace- 
ment D or greater,  a varies with the number of faults in 
the model population and E varies with the b value of the 
active population, with E = 1.6 when b = 1.0. The value 
of E is independent of the number of cycles, Q, if Q -> 40 
(see Appendix 1 and Table 2). The distribution of fault 
sizes, expressed as D, in a dead fault population should 
therefore be systematic and predictable. This conclusion 
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Fig. 2. Log N vs log D curves of successive model active fault 
populations for (a) Strategy A and (b) Strategy B. An initial fault 
population of I0 ° faults of 1 mm maximum displacement is used for 
Strategy B. Successive lines, in directions indicated by arrows, rep- 
resent active fault populations in successive seismic cycles. Fault 
growth follows model of Watterson (1986) and growth increment used 
is 1 mm (see Appendix 1 for details). Strategy A is the single largest 
fault model and Strategy B assumes a constant rate of seismic moment. 
In both strategies successive active fault populations are characterized 

by an increase in D of the largest fault. 

is consistent with the data on real fault populations.  
Strategy A requires an increasing number  of faults of the 
smallest size class to be generated in each cycle to 
maintain the G - R  relationship. The total seismic mo- 
ment  (see below) of each successive active fault popu- 
lation increases throughout  the tectonic episode. A 
constant t ime-averaged rate of seismic momen t  would 
require the length of seismic cycles to increase as the 
total seismic momen t  of  each cycle increases. 

Strategy B 

Seismic momen t  (Mo) is a measure  of seismic strain 
energy (Kostrov 1974) and varies linearly with the rate 
of  fault-related strain of the rock volume,  or rate of  
displacement of terrain boundaries  due to seismic fault- 
ing. Rate  of displacement will be taken as constant.  If  
the rate of displacement of terrain boundaries is con- 
stant throughout  a tectonic episode then the rate of 
seismic momen t  will also be constant,  i.e. seismic cycles 
should have a constant total seismic m om en t  if they are 
of equal length. For a given initial number  of the 
smallest fault size, successive active fault populat ions 
are calculated on the basis of constant seismic momen t  in 

each cycle and the maximum fault size is determined by 
the number  of  elapsed seismic cycles (Fig. 2b). As with 
Strategy A,  populat ions of dead faults satisfy equation 
(7) but values of E are significantly higher (ca 3.0) and 
show little variation. As some of the faults grow larger, 
because M0 oc W 3, they account for a rapidly increasing 
proport ion of the total seismic moment ,  which results in 
very large numbers  of  smaller faults becoming inactive 
rather  than growing into larger faults as they would do 
with Strategy A. The higher death rate of small faults in 
Strategy B relative to Strategy A leads directly to the 
higher E values which characterize Strategy B. To main- 
tain the G - R  relationship Strategy B requires a decreas- 
ing number  of  active faults of  the smallest size class. 

A third strategy which could be adopted is to assume 
that new fractures are generated only at the onset of 
deformation.  As the constant momen t  model requires 
generation of relatively few new fractures after the 
initial fracture generation event,  this third option is not 
considered further. 

T H E O R E T I C A L  FAULT DISPLACEMENT 
POPULATIONS 

The displacement populat ion of a single fault surface 
can be calculated from an expression (Walsh & Watter-  
son 1987) which shows that the displacement variation is 
approximately linear f rom a max imum at the fault centre 
to zero at the tip-line. The maximum dimension of the 
fault surface for a given maximum displacement is given 
by D = c W  n, where c varies with rock propert ies  f rom 
2 x 10 -7 to 2 x 10 -5 m - l  for n = 2 (Walsh & Watterson 
1988). The  displacement population for a single fault is 
calculated by sampling the displacements at nodes of  a 
square grid on the fault surface and is not affected by the 
ellipticity of the fault surface. A displacement popu- 
lation for a single fault (D = 10m, W = 2163 m, c = 2.14 
× 10 -6) is shown in Fig. 4. 

The fault displacement population for a theoretical 
fault population is derived by combining the numerically 
derived numbers  of faults in each size class with the 
numerically derived displacement population for each 
size of  fault. Theoretical  fault displacement population 
curves have characteristic shapes (Fig. 5). The slope of 
the straight-line segment ( - S )  varies with the chosen b 
value (equation 2) and, more simply, with the E value of 
the fault populat ion (equation 7) as shown in Table 3, for 

Table 1. Parameters of an active fault population satisfying the Gutenberg-Richter relationship 
(b = 1), with D/W: = 10 -6. D = maximum displacement of smallest fault in each class, z = 
number of faults in each class, N = number of faults with displacement greater than lower limit 
of specified class, W = fault maximum dimension, z i = number of slip events required for 

smallest faults of one class to grow to the minimum size of the next class (see Appendix 1) 

Class 1 2 3 4 5 6 7 

D (m) 0.001 0.01 0.1 1.0 10 100 1000 
z 90,000 90,000 9000 900 90 9 1 
N 1,000,000 100,000 10,000 I000 100 10 1 
W (m) 31.62 100 316 1000 3160 10,000 31,600 
zi 2 7 22 70 216 700 2163 
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Fig. 3. Log N vs log D curves /o r  dead fault populat ions derived from 
active fault populat ions of varying b o value, following Strategy A (see 
text), bD values for active fault populat ions are 1.3 (broken line), 1.0 
(solid line) and 0.7 (dotted line) and b values are the same for the 
corresponding ear thquake populations if the characteristic ear thquake 

model is wtlid. 

realistic values of E (1.3-2.5), where S ~- E - 1. The 
right-hand segment of the curve is largely a sampling 
artefact but its form also varies with the largest displace- 
ment value, which can be less than the maximum dis- 
placement on the largest fault (Fig. 5). The largest 
displacement value included in the population and the 
maximum displacement on the largest fault sampled 
must be separately specified for calculation of a model 
population, because the largest displacements on the 
biggest faults may lie outside the sampled volume. The 
range of curves which could be derived from sampling a 
single population, with the maximum displacement on 
the largest fault sampled in each case, is shown in Fig. 6. 
In practice, the maximum displacement on the largest 
fault is unlikely to be sampled when only few displace- 
ments are included in the sample so only the convex 
upward curves are of practical interest. The right-hand 
segment of the population curve steepens with increase 

Table 2. Populat ions of dead faults following Strategy A for different 
values of relevant variables. All populations give straight lines on log N 
vs log D plots and 40 events arc needcd to achieve steady-state slopes. 
Default  values of  variables (dr) are provided below. D = maximum 
initial fault size (maximum displacement in metres) .  Q = number  of 
growth events  (seismic cycles), bz~ = negative of slope of population of 
active faults which is assumed to be equal to the b value of the G - R  
relationship for the corresponding ear thquake population.  (dr) = 1.0. 
u / W  = slip/width ratio in each event.  (df) = 3.16 x 10 -5 . c = constant  
in D = cW 2, (df) = 2.2 x 10 ~. 1 = min imum fault sizc (m). (df) = 
0.001. E = negative of slopc of log N vs log D curve for dead fault 

population 

D Q h u fW c 1 E 

0.3 40 (df) (df) (df) (df) 
0.3 40 0.7 (df) (df) (df) 
0.3 40 1.3 (df) (df) (dr) 
0.3 40 (dr) 3.16 × 10- 4 (df) (dr) 
0.3 40 (df) 3.16 x 10 ~ (dr) 4dr) 
0.3 40 (df) (df) 2.2 x 10 ~' (df) 
(1.3 40 (df) (df) 2.2 x 1(I -4 (df) 
0.3 40 (dr) (df) (df) (J.01 
0.3 40 (df) (df) (df) (I.0001 
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Fig. 4. Log N vs log d curve for a fault of  max imum displacement l0 m 
and D = c W  2, where c is 2.137 x tO -a , a value which is characteristic of  
faults in rocks of shear  modulus  (/~) = 10 GPa ,  i.e. hard sandstone 

(Walsh & Wat terson 1988). 

in the number of sample lines (Fig. 6) and also when the 
maximum displacement value sampled is much less than 
the maximum displacement on the largest fault in the 
sample (Fig. 5). 

COMPARISON OF THEORETICAL AND 
MEASURED FAULT DISPLACEMENT 

POPULATIONS 

The central and right-hand segments of data and 
model population curves can be matched by varying, 
within an acceptable range, the b value of the earth- 
quake population incorporated in the model and by 
varying the difference between the maximum sized fault 
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d (m) 
1.6~) 
1.30 Fig. 5. Numerically dcrivcd log N vs log d plots showing the effects of 
1.80 changes in the largest sampled displacement.  The max imum displace- 
1.35 ment  of  the largest fault in the population is the same in both cases 
1.66 (1000 m). In one case (upper curve),  the whole of all the faults in the 
1.42 population is sampled including the  max imum displacement on the 
1.70 largest fault. In the other  case (lower curve) parts of  some of the largest 
1.65 faults are not sampled,  i.e. only displacements of  less than a given 
1.40 value (200 m) are included. Minimum sampled displacement = 0.1 m,  

and E = 145. 
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Table 3. E and S values fqr 
numerically modelled fault and 
fault displacement populations 

E S 

1.40 0.41 
1.50 0.48 
1.60 0.60 
1.85 0.88 
2.00 0.99 
2.11 1.11 
2.33 1.29 

and the maximum displacement reading (see Fig. 5). 
The slopes ( - S )  of the measured population curves are 
consistent with derivation from populations with E 
values of 1.6--2.0, which are consistent with Strategy A 
but inconsistent with Strategy B. In the measured popu- 
lations, unusually high slopes are associated with data 
which span a limited displacement range, i.e. one order 
of magnitude or less (Childs et al. 1990). Some fault 
displacement population curves derived from published 
displacement data have slopes equivalent to E > 2.0 
(Childs et al. 1990) but the validity of these high slopes is 
doubtful. 

The similarities between the model-derived and data- 
derived population curves give some credence to the 
model and, particularly, to the prediction implicit in 
equation (10) that populations of dead faults have sys- 
tematic size distributions. Although the data clearly 
indicate that the E values for fault populations derived 
from Strategy A are more realistic than those derived 
from Strategy B, other consequences of Strategy A give 
cause for doubt. In particular, the consequence of an 
increasing total seismic moment with each succeeding 
seismic cycle is that the regional strain rate also in- 
creases, if the recurrence intervals remain constant. A 
constant rate of seismic moment could be achieved if 
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Fig. 6. Log N vs log d curves for a dead fault populat ion,  with E = 1.6, 
showing the effects of  changes in the number  of  sample lines and of 
recorded displacements  (N) ,  assuming that the full range of displace- 
ments  is represented in all samples.  This assumpt ion is unlikely to be 

correct for data with only small numbers  of  displacement values. 

recurrence intervals increased in proportion to the total 
seismic moment in each cycle. However, the rate of 
increase of recurrence interval required to maintain a 
constant rate of seismic moment with Strategy A is much 
too great. Increase of maximum fault size from 1 t o  
100 m would require a 1000-fold increase in recurrence 
interval, which is not credible. 

Given the requirement for E - 2, for recurrence 
intervals to vary by no more than two orders of magni- 
tude (Scholz et al. 1986) and for constant rate of release 
of seismic moment,  no simple relationship between 
successive active fault populations is evident. Possible 
sources of error include the absence of data describing 
the variation, if any, of b value with lithology, strain 
rate, depth, etc. For example, the b values used in 
modelling fault populations are not derived from sedi- 
mentary basins and it is possible that corresponding 
values for sedimentary sequences are different. These 
possible sources of error are, however, unlikely to 
account for the discrepancies between the numerically- 
derived and data-derived populations. Strategy B, with 
constant EMo, is geologically more realistic than 
Strategy A but gives rise to much higher values of E, or 
fractal dimension of fault displacements, than are shown 
by the data. 

An obvious possible source of the discrepancy is that 
the growth model used for numerically deriving the dead 
fault populations may be wrong. However, the fact that 
both the numerically-derived and the measured popu- 
lations are fractal suggests that the growth model used is 
valid, in general terms if not in detail. The simplest 
explanation for the discrepancy is that there is not a 
direct relationship between earthquake b values and the 
active fracture population, bo, as has been assumed. To 
derive realistic E values requires b~) --- 0.5; i.e. signifi- 
cantly less than earthquake b values. Values of bo < 1 
would result from one or both of the following possi- 
bilities. 

(1) The characteristic earthquake model is an over- 
simplification and individual active fractures host earth- 
quakes of a range of magnitudes. 

(2) Earthquakc events on a small fracture have 
shorter recurrence intervals than earthquake events on a 
large fracture. 

In both cases the relative proportions of small earth- 
quakes in an earthquake population exceed the relative 
proportions of small active fractures in the correspond- 
ing fracture population. Whichever of the two possi- 
bilities is correct, or if both are correct, there is a strong 
likelihood that the relationship between b and bo is 
systematic. If the discrepancy is due entirely to shorter 
recurrence intervals for smaller earthquakes then, for 
b o = 0.5 and b = 1, the recurrence interval would vary 
inversely with D e, i.e. for each earthquake on a 10 m 
fault there would be 100 events on a 1 m fault. Such a 
major difference in recurrence intervals is not supported 
by location data for microseismic events. A fractal 
distribution of earthquakes on individual active frac- 
tures would appear to be a more likely explanation than 
major differences of recurrence intervals but recent 
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indications are that earthquake populations of indi- 
vidual fractures may be log-normal rather than fractal 
(Scholz 1990). Populations of active fractures are likely 
to be fractal and, if they are, a simple numerical relation- 
ship between b and b o is probable, but is as yet not 
known. 

FAULT POPULATIONS AND ESTIMATES OF 
REGIONAL EXTENSION 

A recurring observation in extensional terrains is the 
difference between extension values calculated by sum- 
ming of observed fault displacements and the much 
higher values calculated from crustal thinning and base- 
ment subsidence studies (Barton & Wood 1983, White et 

al. 1986, Badley et al. 1988). Discrepant estimates of 
basin extension obtained from normal faults are gener- 
ally resolved by invoking one or a combination of the 
following explanations. (a) Summation of fault heaves is 
not an accurate measure of extension (White et al. 1986, 
White 1987, Barnett et al. 1987). (b) A large proportion 
of extension is accommodated by faults too small to be 
imaged on seismic sections (Angelier & Collena 1983, 
Barton & Wood 1983, 1984). (c) Ductile deformation 
accounts for significant amounts of basin extension 
(Angelier & Colletta 1983, Barnett et al. 1987). This last 
explanation is the same as (b) if ductile is taken to refer 
to strain accommodated by discontinuities on a scale 
below that of the scale of observation, such as fault 
throws less than 20-30 m for seismic reflection data at 
depths greater than 2 km (Barnett et al. 1987). On the 
scale of seismic reflection data, ductile and plastic pro- 
cesses cannot be differentiated. (d) Depth-dependent 
stretching models are applicable to sedimentary basin 
evolution (Roydon & Keen 1980, Hellinger & Sclater 
1983, Badley et al. 1988). We restrict our discussions to 
factors which could be responsible for underestimates of 
extension in the upper crust and, therefore, for apparent 
departures from the uniform stretching model 
(McKenzie 1978). 

Although the sum of fault heaves is known not to be a 
precise measure of fault-related extension (Barnett et al. 

1987), the consequent relatively small inaccuracy is 
unlikely to account for the large discrepancies reported. 
Analysis of theoretical and measured fault populations 
can be used to estimate the relative importance of small 
faults in regional extension. The proportion of displace- 
ment accommodated by small faults relative to larger 
faults varies with the slope ( - E )  of the dead fault 

population curve. Characteristic E values derived from 
coalfield and oilfield datasets range from 1.6 to 2. For an 
E value of 1.6 and a maximum fault size of 2 km, the sum 
of the maximum displacements on faults between 0.1 
and 30 m maximum displacement is ca 30 times the sum 
of maximum displacements on faults between 30 and 
2000 m. Similarly the sum of maximum displacements on 
faults of 100-1000 m maximum displacement is ca 18 
times that on faults between 1000 and 2000 m. These 
values do not, however, indicate the relative contri- 
butions of these fault size ranges to the regional defor- 
mation because the maximum displacement on a fault is 
not linearly related to its lifetime seismic moment which 
is a direct measure of the contribution to regional strain. 

An estimate of the relative contributions to extension 
of a region by faults of different size is obtained by 
summing the lifetime seismic moments on faults of each 
size in a fault population. For earthquake populations, 
with typical b values, the contribution of small earth- 
quakes to total seismic energy release is relatively minor 
(Jackson & McKenzie 1988). The seismic moment of a 
single earthquake event on a fault is given by: 

Mo = u m A  

and so 

M(i ~ u m W : .  

The total seismic moment of a fault (MoL) which grows 
to a given size during its lifetime is proportional to D 2 
(see Appendix 2) and the sum of the lifetime moments 
(EMoL) of different size ranges of faults can be com- 
pared using 

EMoL ~ (2 log N ) / E  (see Appendix 2). 

The relative total seismic moments contributed by all 
faults of final maximum displacements of different size 
ranges is shown in Table 4 for a dead fault population 
with E = 1.6 and maximum fault size of 2 km. In this 
case, the larger faults contribute an overwhelming pro- 
portion of the seismic moment and contribute the same 
proportion to the fault-related regional extension. For 
populations with E values close to 2, displacements on 
smaller faults make a significant contribution to the 
regional strain. In such cases, extension values derived 
from seismically resolvable displacements will always be 
underestimates. 

An alternative, and more direct, method for assessing 
the accuracy of fault-related regional extension esti- 
mates is to calculate the relative contributions of differ- 
ent displacement values (d) to the total seismic moment, 

Table 4. Sum of lifetime moments for different size ranges of faults in populations with 
different E values (E ~ S + 1), expressed as percentage of total lifetime moments of all 

faults 

Size range D (m) 

E 0.1-1.0 1.0-10 10-100 100-1000 1 (~M~-2000 

3.(} 90.0 9.0 0.9 0.09 0.0009 
2.(} 22.0 22.0 22.0 22.0 12.0 
t.6 2.3 5.7 12.8 39.0 40.2 
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directly from fault displacement population data. This 
method is independent of fault growth models and is 
based on the data-derived populations. A displacement 
value (d) represents the sum of all the slip events per 
unit area of the fault surface. 

As 

Mo = m u A  

the lifetime seismic moment (EMoL) is given by 

YMoL = m d A  

so, for unit area of a fault surface characterized by 
displacement d, 

EMoL oc d 

and the relative total seismic moments contributed by 
fault displacements of different size ranges can be calcu- 
lated from fault displacement population data. The 
shear modulus is assumed not to vary significantly on the 
scale of individual faults within the rock volume. Figure 
7 shows the proportion of the total lifetime seismic 
moment, expressed as a percentage of the total fault- 
related extension, due to fault displacements in given 
size ranges, for a variety of fault populations, i.e. differ- 
ent E and S values (E -- S + 1). The figure demonstrates 
that the validity of an estimate of regional fault-related 
extension, made by summing fault displacements on a 
map or section showing a limited range of fault sizes, 
decreases with increase in the S value of the fault 
displacement population. For characteristic dead fault 
populations with S values of 0.6 and 1.0, corresponding 
to E values of 1.6 and 2.0, and fault displacements in the 
range 0.001 m-1 km, displacements greater than 100 m 
will account for 77 and 23%, respectively, of the fault- 
related extension (Fig. 7). The choice of 0.001 m as the 
minimum fault size is arbitrary. Particulate materials 
retain bulk material properties on scales down to ca 10 
times the grain size (P. Meredith personal communi- 
cation 1988) and this would represent the minimum size 
for a fault formed by the same physical process as larger 

100- 
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Fig. 7. Plots of displacement range vs percentage (%) fault-related 
extension for dead fault populations with different displacement 
population slopes (-S) and with displacements ranging from 1 mm to 
1000 m. Percentage of fault-related extension accommodated by a 
range of displacements for a given S value can be obtained from the 
ordinate intersection. The diagram is valid only for populations with 

1 km maximum displacement on the largest fault. 

faults. Kakimi (1980) has previously recognized the 
significant contribution of small faults to bulk defor- 
mation from a study of minor fault populations in the 
South Kanto District, Japan, and presented a qualitative 
model for the growth of fault populations, in which 
successive fault populations (including active and in- 
active faults) are systematic but in which the E value 
decreases with time. Our analysis however suggests that 
E values reach a steady-state value after only ca 40 
seismic cycles. 

Following Strategy A, when E = 2.0, S = ca 1.0 and 
b > 1.3 (Table 2), a value which is outside the normal 
range of b values for regional seismicity. Nevertheless S 
values as high as 1.0 have been measured on fault 
populations in individual oiifields which may, however, 
have populations not representative of regional popu- 
lations. E and S values for local regions may differ 
significantly from the regional values and would also be 
different for populations of small faults and fault dis- 
placements which are influenced by iithological vari- 
ations. High population slopes appear to be character- 
istic of structurally complex areas, such as fault relay 
zones across,which large displacements are transferred 
from one bounding fault to another. Spatial variations in 
b values for earthquake populations have also been 
described (Hirata 1989b). Recent laboratory investi- 
gations of fracture-related seismicity provide support for 
spatial and temporal variations in earthquake popu- 
lations and this work may provide useful constraints for 
the future development of models for dead fault popu- 
lations (Main et al. 1990). 

The spatial distributions of faults may have an effect 
on estimates of regional extension. If smaller faults are 
clustered around larger faults, as is often the case (Hir- 
ata 1989a, Veide et al. 1990), then the displacements 
measured on larger faults may also include displace- 
ments on closely adjacent smaller faults. This effect 
would be expected particularly with datasets derived 
from seismic reflection profiles, for which the lateral 
resolution is limited by the survey parameters. A 
marked clustering effect would produce more accurate 
estimates of extension but would also degrade the power 
law fault displacement populations. We have not identi- 
fied degradation of this type in the datasets examined. 

For dead fault populations with low E values (ca 1.6 or 
less), the simplest explanation of discrepant extension 
estimates is that a significant proportion of extension is 
accommodated by mechanisms other than faulting (Bar- 
nett et al. 1987). A similar conclusion is indicated in an 
increasing number of tectonic terrains in which the rate 
of seismic energy release is reported to be a small 
fraction of that necessary to accommodate the bulk 
strain rate, calculated from plate motions, by seismic 
faulting (Jackson & McKenzie 1988, Solomon et al. 

1988). Estimates of the contribution of seismic faulting 
to regional strain in a variety of neotectonic regions 
range from ca 100 to 10%. A shortfall in the strain rate 
contribution of seismic faulting can be accommodated 
by aseismic deformation processes, such as aseismic 
fault creep and plastic strain. Aseismic creep on faults 

m 14:6..E 



710 .J~J. WALSH and J. WATI'ERSON 

should have no effect on the relative contributions of 
small and large faults to regional strain or to measured 
fault populations. Geological and seismological studies 
clearly demonstrate that plastic strains, both homogene- 
ous and heterogeneous, e.g. folds, accommodate a sig- 
nificant proportion of the bulk strain in compressional 
regimes (Cooper & Trayner 1986). Plastic strains may 
also accommodate a proportion of the bulk strain in 
extensional regimes, but associated structures will be 
difficult to identify because these regional plastic strains 
are likely to be so small as to be overshadowed even by 
compactional strains. 

In a lithoiogicaily uniform crust the amount of stretch 
accommodated by seismic faulting will decrease with 
depth and the brittle-ductile transition effectively spans 
a high proportion of the crustal thickness. Observed 
rates of release of seismic moment are therefore derived 
not from a uniform elastic seismogenic layer but from a 
seismogenic layer with marked vertical variation in 
rheological properties. Pronounced lithological layer- 
ing, as where a sedimentary basin overlies basement, 
further complicates the relationship between recorded 
seismic moment and stretch. Although, for con- 
venience, we have used the concept of the seismic cycle 
for calculation of populations and seismic moment, this 
does not restrict application of the results to earthquake 
generating faults. For many purposes there is no signifi- 
cant difference between a fault on which slip and energy 
release occupy a few seconds every 2000 years and a fault 
in which the same slip and energy release are accomp- 
lished by stable sliding--the time-averaged character- 
istics are the same. Earthquake faulting provides the 
useful data because the coseismic slip and energy release 
are both measurable. 

CONCLUSIONS 

(1) Populations of dead faults have a fractal size 
distribution. One-dimensional sampling of fault dis- 
placements produces population slopes ( - S )  of -0.45 
to -0.95 over a wide range of scales of displacement. 
Earthquake populations are also fractal over a wide 
range of magnitudes. 

(2) The relationship between populations of active 
fractures and earthquake populations is uncertain. If the 
characteristic earthquake model is valid then the slopes, 
and fractal dimensions, of the two populations are 
identical. 

(3) Slopes of numerically-derived populations of dead 
faults ( - E )  and of fault displacements ( - S )  are simply 
related, with E = S + 1. 

(4) Data-derived and numerically-derived values for 
E, assuming the characteristic earthquake model, are 
compatible but require unacceptable increases in rates 
of seismic moment. 

(5) Numerically-derived values of E for a constant 
seismic moment model are significantly higher than 
values of E derived from data. 

(6) The discrepancy between the numerically-derived 

E values and those derived from data suggest that the 
fractal dimensions of active fracture populations are 
significantly lower than those of earthquake popu- 
lations. 

(7) The population differences between earthquakes 
and active fractures is likely to be due either to shorter 
recurrence intervals of earthquake events on small frac- 
tures, or to departures from the characteristic earth- 
quake model, or to a combination of the two. 

(8) No simple law has yet been found to describe the 
successive active fault populations which could give rise 
to the dead fault population data. 

(9) The relative contribution of different size ranges of 
faults to a regional strain will vary with the E value of the 
dead fault population. For dead populations with fault 
sizes from 1 mm to 1 km and which conform with the 
displacement population data, as little as 17% of the 
strain may be accounted for by faults with displacements 
greater than 100 m. 
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APPENDIX 1 

CALCULATION OF DEAD FAULT POPULATIONS 

Strategy A 

The attributes of an active fault population satisfying the G-R  
relationship are shown in Table 1. The slip increment on each fault 
increases by 1 mm with each cycle and, if D / W  2 = 10 -6 (Walsh & 
Watterson 1988), the width of each fault increases by 31.62 m with 
each cycle. The number of events (zi) required for the smallest faults of 
one class to grow to the size of the next class is shown, For calculation 
purposes it is more convenient to define size class boundaries so that 
for a given number of slip events the smallest faults of one class will 
grow to the minimum size of the next class; it is also necessary to use 
more size classes than in the simple case shown in Table 1. 

A fault with current maximum displacement Do, and slip u o. will 
grow as follows. 

After one further slip event, 

D l = D 0 + (u 0 + e), 

where D t = maximum displacement and e = increment of slip 
increase. 

After two events, 

D 2 = D o + (u o+  e) + (u o + 2e). 

After three events, 

D3 = Do + (uo+ e) + (uo+ 2e) + (uo + 3e). 

After i events, 

D i = D o + (ulj) + ei(i + I)/2. (A1) 

If D = cW 2 and u / W  = k then 

W = (D/c) l~ 

u = k W  

u = k(D/c)  t~. (A2) 

Combining (A1) and (A2) 

D i = D o + ik(Didc) 1/2 + (ei(i + 1))/2. (A3) 

The ranges of values of k, c and e are known (Walsh & Watterson 1988) 
and each value can be varied, within these ranges, in the following 
calculations. For a selected value of i, a series of values of D can be 
calculated representing the boundaries of classes for which faults will 
grow to the next class size after i events. 1000 classes (0--999) are 
defined, bounded by maximum displacements Do, Di, /92 D3 . . . . .  
Dit~j. Do is set at 0.001 m but can be varied. 

For an initial active fault population conforming to the G-R  re- 
lationship (with a selected b value) and characterized by the size of the 
largest fault present, the numbers of faults in each class are calculated. 
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One cycle of i events increases the number  of faults in a class to the size 
of the next class, thus  increasing the largest fault in the population by 
one class. After  each cycle the number  of faults in each class is 
provisionally transferred to the next highest class. On  the basis of the 
new largest fault size, the numbers  required in each class to maintain a 
G - R  relationship are recalculated. Too many  have been provisionally 
transferred to each class from the next class down, so the number  of  
excess faults in each class is calculated and transferred back to the next 
smaller class, and s u m m e d  as inactive faults. After  a chosen number  of  
iterations of i events the current  active populat ion is added to the 
inactive population in each size class to obtain the total population of 
faults existing at the end of the tectonic event,  i.e. the dead fault 
population. 

S t ra tegy  B 

The growth law for individual faults is the same as for Strategy A. 
The initial fault population is defined by the chosen number  of  faults in 
the smallest size class: size classes are separated by one increment of 
slip. The total seismic moment  of  all these faults, EM 0, is calculated 
and is equivalent to the rate of  seismic moment ,  EM0, if the recurrence 
interval is constant.  After  each seismic cycle, or slip increment,  the 
numbers  of  faults are calculated to satisfy two conditions: (i) that the 
G - R  relationship is maintained,  and (ii) the new population of active 
faults has the same value of EM 0 as preceding active populations.  
After  each seismic cycle faults in excess of  those required for the active 
population are consigned to the accumulat ing inactive fault popu- 
lation. After  a chosen number  of cycles the current  active population is 
added to the inactive population to give the dead fault population. 

A P P E N D I X  2 

DERIVING THE LIFETIME SEISMIC MOMENT 

The lifetime seismic moment  (MoL) of a fault is derived as follows. 
M .  = m u p W  2 for a circular fault, where M0 = seismic momen t  for a 

single event,  u = slip in a single event,  W = fault dimension and/~ = 
shear  modulus.  

For a fault grown in i increments 

,h14ql I = irntjyB_ ~2, 

where W 2 = mean  W 2 for all slip events  in the lifetime of a fault and u 
= mean slip for all slip events. 

Successive values of  W are W l , W 2, W3 . . . . .  W i, where W,,+ 1 - W,, 
= constant  and successive values of  W constitute an ari thmetic series 
with small or zero first term: 

~[w~ + w~ + w ~ . . .  w~] = (w, + o.s)~/3 = w~:3. 
when i is large, so 

W_ 2 = W~/3 i .  

Successive values of  u ( u~ , u 2, u ~ . . . . .  u, ) constitute an arithmetic series 
SO 

u = ui/2 

and 
MoL = l u(uj2)(W~/3i)  

a s  

u J W ,  = k (where k = 3.6 × 1(I -5) 

u i = k W  i 

so 

MoL = ( / t ~ k  W 4 ) / 6  

a s  

Oi =cWi '  

Wi = (D,Ic) t :2  

M0L = (tl,'rk((Di/c) 1/2)4)/6 

M o  L = D ~ / c  2 • constant  

Mot, = D~,  constant 

or, for a single fault, 

log M0L = 2 log D + constant  

for a dead fault population where 

l o g N = a -  E l o g D  

log D oc ( l /E)  log N.  

If EM0t = aggregate lifetime seismic momen t s  of faults with cumulat-  
ive number  N and largest fault of max imum displacement D then 

tog "M~ L ~: (2 log N ) / E .  

Convergence of log EMoL to a finite value does not require E < 1. 


